EXPANDING TRANSLATES OF CURVES AND 
DIRICHLET-MINKOWSKI THEOREM ON LINEAR FORMS 
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Abstract. We show that a multiplicative form of Dirichlet's theorem on simulta- 
neous Diophantine approximation as formulated by Minkowski, cannot be improved 
for almost all points on any analytic curve on R fc which is not contained in a proper 
afhne subspace. Such an investigation was initiated by Davenport and Schmidt in 
the late sixties. 

The Diophantine problem is then settled via showing that certain sequence of 
expanding translates of curves on the homogeneous space of unimodular lattices in 
j^fe+i g e ^- s equidistributed in the limit. We use Ratner's theorem on unipotent flows, 
linearization techniques, and a new observation about intertwined linear dynamics 
of various SL(m,R)'s contained in SL(fc + 1,M). 



1. Introduction 

Extending Dirichlet's theorem (1842) on simultaneous Diophantine approximation 
in various forms, Minkowski (1896) proved the following theorem as a consequence of 
his convex body theorem [151 Chap. -II]: 

Minkowski's theorem on linear forms. . Let ((fij) G SL(n,M) and a±, ...,a n be 
positive numbers with a\ ■ ■ ■ a n — 1. Then there exist integers X\, . . . , x n , not all zero, 
such that 

WllXl H h <PlnXn\ < «1 



H V PinXinl < on (2 < i < n) 



By putting ifu = ■ ■ ■ = ip nn = 1, and <fij = for i ^ j and i > 2, we obtain a 
multiplicative variation of Dirichlet's theorem: Given (£i, . . . , G M fc and positive 
integers Ni, . . . , N^, there exist integers q%, ■ ■ ■ ,qk an d p, not all zero, such that 

(1.2) \q^i + --- + qA-p\<{N 1 ---N k )-\ < Ni (1 < z < AO- 



Following Davenport and Schmidt [7], we say that given any infinite set M C (Z + ) fc , 
the Dirichlet's theorem (DT) cannot be improved along M for . . .,£k) G if for 
every < fi < 1 there are infinitely many (Ni, . . . , Nk) G M such that the following 
system of inequalities is insoluble for integers q%, . . . , q^ and p, not all zero: 

(1.3) + ••• + ?*& ~Pl <fi(N 1 ---N k )- 1 , \qi\<fiNi (l<j<k). 
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Davenport and Schmidt [7j showed that for M = {(N, . . . , N) G Z fc : N G Z + }, the 
DT cannot be improved along Af for almost all points of W k . The same conclusion 
was obtained by Kleinbock and Weiss [11] for sets Af C Z fc with infinite projection 
on each coordinate. 

In fact, Davenport and Schmidt [8] showed that for k = 2, and for almost every 
(GR, the inequalities (11.31) for (£i, £ 2 ) = (£, £ 2 ) do not have nonzero integral solution 
for infinitely many Ni = N2. Such results for related quantities, say for points on a 
certain type of curve or a submanifold, were subsequently generalized in [Tl I9"| 121 [TTj; 
in each case for \i < /i for some small explicit value of /i < 1 depending on the curve 
or the submanifold. 

In the case of Af C {(N,...,N) G Z fc : iV G Z + }, in [Hj it was shown that for 
any analytic curve which is not contained in a proper affine subspace of M. k , the DT 
cannot be improved along Af for almost all points on the curve; that is, for all fi < 1. 
In this article we will extend this result for any Af. 

Theorem 1.1. Let Af be an infinite subset of (Z + ) fc . Then for any analytic curve 
ip : [a, b] — > IR fc whose image is not contained in a proper affine subspace, the DT 
cannot be improved along Af for <p(s) for Lebesgue almost every s G [a, b]. 

This theorem can be reformulated in terms of dynamics of flows on the homoge- 
neous space SL(n, E)/ SL(n, Z); cf. [TTJ §2.1]. We need to prove that certain sequence 
of expanding translates a curve on this space tend to become uniformly distributed. 
To adept the strategy of [19] for the general Af, we will need to overcome signifi- 
cant technical difficulties, whose resolution will require making new observations and 
developing much sharper methods. 

1.1. Asymptotic equidistribution of translated curves. Let n > 2 and G = 

SL(n, M). For r = (t u . . . , r„_i) G M n_1 and £ = . . . , £ n _i) G IR"^ 1 , define 



;i.4) 



(n+ - "+ T n-l) 



and u(£) 



1 6 ... Cn- 
1 



Let ^ = {Ti}i e N C i? n_1 be a sequence such that if Ti = (r^i, . . . , Xj in _i) then 

T~i,i > Ti,2 > • • • > Ti )Tl _i > 0, and ||rj|| 00. After passing to a subsequence 

we further assume that there exists 1 < mi < n — 1 such that Tj jmi 00 and 
lim^oo rj j7 . = r(r) < 00 for mi < r < n — 1. 
For 2 < m < n, define 

(1.5) Q m = {[ g T Z m ] eG:ge SL(m,M), w G M mx(n _ m) (R)} , 

where is the (n — m) x m-zero matrix and I n -m is the (n — m) x (n — m)-identity 
matrix. 

The main goal of this article is to prove the following: 

Theorem 1.2. Let ip : I = [a, b] — > IR n_1 be an analytic map whose image is not 
contained in a proper affine subspace. Let L be a Lie group and A a lattice in L. Let 
p : G — ► L be a continuous homomorphism. Let xq G L/A and H be a minimal closed 
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subgroup of L containing p(Q mi +i) such that the orbit Hxq is closed and admits a 
unique H -invariant probability measure, say pn- Then for any bounded continuous 
function f on L/A the following holds: 



;i.6) 



lim T7T 



f(p(a Ti u((p(s)))x ) ds 



f(p(a T0 )x ) dp H {x) 



where r = (0, . . . , 0, r(mx + 1), . . . , r{n — 1)). 



Note that p(Q mi+ i) is generated by Ad-unipotent one-parameter subgroups of L. 
Hence by Ratner's theorem [H] Hxq is the closure of the p(Q mi+ i)-orbit of xq. 

The above result in the case when Tj = (r,, . . . , r,) e R n_1 for a sequence T{ oo 
was proved in [19]. We will generalize that proof to obtain the above result. The main 
new contribution here is a strong general result about dynamics of intertwined linear 
actions of various SL(m, R)'s contained in G. Along with new interesting observations, 
its proof crucially uses the 'Basic lemma' from [19] on joint linear dynamics of various 
SL(2,R)'s cotained in SL(n,R). 

For the basic application of the theorem we will put L = G, A = SL(n, Z), p the 
identity matrix, and x = SL(n, Z). Then H = Q mi+ i, because Q mi +i H SL(n, Z) is 
a lattice in Q mi +i- 

For more examples, let a be an involutive automorphism of SL(n, R) defined by 
(1.7) a(g) -^(V 1 )^- 1 , V^GSL(n,R), 

where to G GL(n, R) permutes the standard basis {ei, . . . , e„} of R n such that 



to [ei 



\/l<i<n. 



Note that 



[1.9) 



cr a, 



u'{H) :=a(u(t)) 



i 6 
l 



-(tiH hTjj^i) 



and 



mx(n — m) 5 



: p G SL(m,R), w G M 



(n-ra)xml 



Another example of Theorem 11.21 is obtained as follows: Let L = G x G and define 
the homomorphism p : G — >• L by 



;i.io) 



p{g) ■= {g,<?{g)), VgeG. 



Let A = SL(n, Z) x SL(n, Z). Then p(SL(n, Z)) C A. Then p(Q mi +i)nA is a lattice in 
p(Q mi+ x). Put xo = eA. If we apply Theorem 11.21 in this case then for its conclusion 
H = p(Q mi +i). 
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1.2. Some applications. Using the conclusion of the theorem in the above example 
we obtain the following result on non-improvability of Dirichlet's theorem on simul- 
taneous Diophantine approximation in the dual form. 

Theorem 1.3. Let k > 1, and : / = [a, b] — > R fc be an analytic curve whose image is 
not contained in a proper affine subspace. Let Af be an infinite subset of (Z+) k . Then 
for almost every s G / and any // < 1, there exists infinitely many (Ni, . . . , N k ) G Af 
such that both the following sets of inequalities are simultaneously insoluble: 

(1.11) \ qi ip{s) + ■ ■ ■ + q k <p{s) - p\ <ii{N 1 ...N k )-\ \qi\<Ni (1 < i < k) 
for (p, q u . . . , q k ) G Z k+1 \ {0} ; and 

(1.12) \qipi(s) - Pi \ < Nf 1 (l<i<k), \q\<fiN 1 ...N k 
for (q, Pl ,...,p k ) G Z k+1 \ {0}. 

Above statement is stronger than Theorem 11.11 It also generalizes Theo- 
rem 1.4], which considered the case of Af where Ni = N 2 = ■ ■ ■ = N k . 

Corollary 1.4. Let Af C (Z + ) n be an infinite set. Let M be a connected Riemannian 
analytic submanifold ofM. h which is not contained in a proper affine subspace o/R fc . 
Then with respect to the measure class on M associated to the Riemannian volume 
form, for almost every £ G M, the DT cannot be improved for £ along M . 

In fact, the conclusion of Theorem \1.3\ holds for almost all £ G M in place of ip(s). 

It is interesting in the above results that we can take M with bounded projections 
on some of the coordinates. In this case such results were not known earlier even 
for almost all points of R fc . For Theorem 11.11 it is essential that the limits iVoj for 
m,\ < j < n — 1 are integral: 

Theorem 1.5. Let W C R k be an unbounded sequence such that one of the coordinate 
converges to a non-integral real value. Then there exist < < 1 such that for all 
but finitely many (Ni, . . . , N k ) G Af and every £ G ~R k , the system of inequalities (11.31) 
admit nonzero integral solutions. 

This fact, which is a consequence of Minkowski-Hajos Theorem, corroborates the 
counter examples given in [Til §4-4] and answers a question raised there. 

1.3. Non-improvability of Minkowski's theorem along certain Af. 

Theorem 1.6. Let if = ((fij) I — [a, b] — > SL(ra, R) be an analytic map such 
that ¥L-spa.n{ipij(s) : s G /} = R n . Let jV be an infinite set of positive integers. 
Then for almost every s E I, there exists an infinite subset jV s C JV such that 
for any < 1 the following system of inequalities is insoluble for any a G jY s and 
( Xl ,...,x n )eZ n \{0}: 

,j 1^1,1^1 H H PhnXnl < 

\¥i,i x i H 1- <Pi,nXi,n\ < H>ac, (2 < % < n). 
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Theorem 1.7. Let M be an infinite subset of (Z + ) n_1 with unbounded projection on 
every coordinate. Let (p be as in Theorem M.bX We further assume that <pn(s) = and 
(Pij(s) = ifiij are constant functions for all i > 2. Then for almost every s6l, there 
exists an infinite subset J\T& C Af such that for every \l < 1 the following system of 
inequalities is insoluble in for any (Ni, . . . , iV n _x) G J\f s and (xi, . . . , x n ) G Z n \ {0}: 

\(fn{s)xi H h <^in(s)x n | < /i(iVi . . . A^„„i) _1 

\(p i2 x 2 h ipinX n \ < fJ>Ni-i (2 < % < n). 

It is a question whether the conditions on y?ij(s) can be removed for i > 2. 

1.4. Uniform versions of the equidistribution statement. Let the notation be 
as in §1.11 

Theorem 1.8. Let <p : I — > ]R n_1 be an analytic curve whose image is not contained 
in a proper affine subspace. Let L be a Lie group and T be a lattice in L. Let 
p : G — » L be continuous homomorphism. Let x G L/A be such that p(Q mi +i)x is 

dense in L/A. Let Xi xo be a convergent sequence in L/A. Then for any bounded 
continuous function f on L/A 

(1.15) lim — — - — - [ f(p(a Ti u((p(s)))xi)ds= [ f dfi L , 



- 3C 



\b — a\ 



L/A 



where \xl is the unique L-invariant probability measure on L/A. 

For the special case of L = G, p the identity map, and mi = n — 1, that is 
Qmi+i — G, we can take any convergent sequence X{ — > x in the above theorem. 
A more general uniform version is as follows. 

Theorem 1.9. Let the notation be as in Theorem \1.8i . Let K, be a compact subset 
of L/A. Then given e > and a bounded continuous function f on L/A, there exist 
finitely many proper closed subgroups Hi, . . . , H T of L such that for each 1 < i < r, 
Hi R A is a lattice in Hi and there exists a compact set 

(1.16) d c N{H h p(Q mi +i)) :={geL: p(Q mi+ i)g c gH} 

such that the following holds: Given any compact set 

F c K n U[ =1 QA/A 

there exists i$ > such that for any x G F and any i > io, 



(1.17) 



1 ^ 



b — a 



f(p(a ri u(ip(s)))x)ds- I fdpi L 

L/A 



< e. 



Both the above results in the special case, when for each % all coordinates of Tj are 
same, were obtained earlier in [T9l §1.2]. 

Acknowledgment. I am very thankful to Shahar Mozes and Elon Lindenstrauss for several 
helpful discussions. I would also like to thank Dmitry Kleinbock for useful suggestions. 



{(Ci £«)eR": sup |Ci|<l} 

Ki<n 



6 nimish a. shah 

2. Deduction of Theorem 11.31 from Theorem 11.21 
By passing to a subsequence we express 

(2.1) M = {(N iA , N ij2 , N ijk ) G (Z + ) fc : i G N}. 

For proving Theorem 11.31 there is no loss of generality if we apply a permutation 
of coordinates on (Z + ) fc . Therefore, since there are only finitely many coordinate 
permutations, after passing to a subsequence, we may assume that 

(2.2) N it i > iV i>2 > • • ■ > N ijk , V* G N. 

Since Af is infinite, there exists mi > 1 such that after by passing to a subsequence, 
we may further assume that N i>mi oo, and for each m 1 < j < k there exist 
No,j G Z + such that N it j = N j for all i. We define 

T t = (logiVi,i, . . . ,logJV ijfc ) G (M> ) fc , V* G N, 
and put ^7" = (Tj)ieN. Then ^7" satisfies the conditions of §1.11 We put 

(2.3) T := (0,...,0,logiVo,mi+i,...,logiVo,fc). 

Let n = k + 1. We identify the space f2 of unimodular lattices in M n with 
SL(n, M)/ SL(n, Z). Given < p, < 1, we define 

(2.4) 

^ = {Aefi:AnB, = {0}}. 

For (N 1 ,...,N k ) G A/", let r = (logJVi, . . . ,logiV fc ). Then for any s e I, x 
(p, qi,..., q k ) G Z n and a;' = (p k , ...,px,q) G Z fc , we have 

(2.5) p{a^{s))){x,x') = 

\ \ N^q h J 

Therefore (cf. HB §2.1], [13 §2]) 

(11.111) is soluble •<=>- a-ru((p(s))x G ■ 
^'^ (021) is soluble a' T u \<p(s))x' G 

Hence Theorem 11.31 will be proved if we prove the following: 
Proposition 2.1. Put x =■ (Z n ,Z n ) G fi x fi. Gwen /i < 1, define 

(2.7) := {s G [a, 6] : p(a Xi -u(v9(s)))xo G" K M x /or all large i}. 
Then |E^| = 0, where \-\ denotes the Lebesgue measure. 

In order to deduce this proposition from Theorem II .21 we need the following result, 
especially when mi < n — 1 = k. 
We define a compact set 

(2.8) K x = n 0<M <ii^ = {AgO: sup |&| > 1, V(f 1} • • • , £ n ) G A \ {0}} 

Ki<n 



N 1 (q(fi{s)+pi) 
(jVi..JV fc )- l 9 



/ 



a T «(^(s))Z n £ ^ 
• a' T u'{ip(s))2? £ 
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Theorem 2.2. p(a To Q mi+1 )x H (K ± x Ki) ^ 



To prove this we will need the easier inclusion part of the following fact, which was 
guessed by Minkowski (1896) and proved by Hajos in 1941, see [H XI. 1.3]. Its full 
strength will be used later for proving Theorem 11.51 

Theorem 2.3. Let N denotes the group of upper triangular unipotent matrices in 
SL(n,R). Let W n = {w G GL(n, Z): w permutes the standard basis o/R n }. Then 



(2.9) 



K x = |J {wNw- l )Z n . 



wew n 



□ 



Proposition 2.4. Let N be the lower triangular unipotent subgroup o/SL(ra, R) and 
r = SL(n,Z). Let (N u . . . , N n ^) G (Z+)"- 1 arid r := (log JVi, log JV„_i). T/jen 



(2.10) 



Proof. For the involutive automorphism cr as defined by (11. 7p . we have a(N 
cr(r) = T, a(a T ) = a' T and cr(Qi) = Qi- Therefore it is enough to prove that 



N- 



(2.11) 
We write k 

(2.12) 
We define 

(2.13) 




6 

(Nx...N k ) 
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iV fc - 1 iV fc -l 
iV A -l iV fc _!-l 

N k -1 iV fc -i-l 



iVi 



-1 



G SL(n,Z). 



We express the matrix 7 as a sum of a lower triangular matrix L of determinant 1, 
and a matrix M with only the last column nonzero. Then we choose h G iV~ such 
that hL = diag(iVi, . . . , N^, (Ni . . . N^.)^ 1 ). Also hM is a matrix with only the last 
column nonzero. In particular, hj = (hL + hM) is an upper triangular matrix of 
determinant 1. Hence h'y G a' T Q[ by (12.121) . This proves (12.111) . □ 



Proof of Theorem \2.2[ Since Q\ C Q mi +i, by Proposition 12.41 there exist g G Q mi+ \, 
h G N~ and 7 G T such that a Xo g = hj. Therefore p(a To g) = p(h)p(j). Now 
^(7)^0 = ^0 and tuiVtu -1 = iV~ for to G W n as in (11.81) . Therefore p(a TQ g)xo = 
p(h)x G K x x ifx by Theorem E3 □ 
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Proof of Proposition HQ . Let p be as in (11.101) . Then the orbit p(Q mi +i)xo is closed 
and admits a unique p(Qmi+i)-invariant probability measure, say A. Fix p < 1. Then 
x contains an open neighbourhood of K\ x K\. Therefore by Theorem 12. 2^ 
K M x contains a nonempty open subset of p(a T0 Q mi +i)x . Therefore there exists 
e > such that 

(2.14) A(p(a X0 )~ 1 (^ x K,)) > e. 

So there exists / G C C (L/A) such that < / < 1, supp(/) C x and 

(2.15) ! f(p(a T0 )x)d\(x)>e/2. 

J x£p(Q mi+ i)xo 

Let J be any subinterval of [a, b] with nonempty interior. Then by Theorem 11.21 
there exists i$ G N such that for all i > io, we have 

(2.16) J f{p{a Ti u{ip{s)))x Q ) ds> j f(p(a T0 )x) d\(x) - e/4 > e/4. 

Therefore by combining the definition of and the choice of / we conclude that 
\ED J\ < (1 — e/4) | J|. Since J is an arbitrary open subinterval of /, by the Lebesgue 
density theorem \Ey\ — 0. □ 

Thus we have completed the deduction of Theorem 11.31 □ 



Proof of Corollary TJf. We note that M can be measurably fibered by analytic curves 
such that almost every curve in the fiber is not contained in a proper affine subspace 
of IR fc . Therefore the conclusions of Theorem 11.11 and Theorem 11.31 hold for almost all 
points on each of these curves. Therefore by Fubini's theorem, the conclusion of the 
corollary follows. □ 

Proof of Theorem \l.b\ The result follows by the arguments as above. We need to 
consider only the first factor in (12.51) and Q mi +i = G. Clearly has strictly positive 
measure on G/Y. The only difference is that to conclude (12 . 1 6[) we need to use [i~9| 
Theorem 1.8], where the same conclusion as that of Theorem 11.21 was obtained for 

the given map cp and Tj = (n, . . . , Tj) G IR n_1 for each i such that n ^> oo. □ 

Proof of Theorem \l. 7[ Again the deduction of this result is as above, one only consid- 
ers the first factor. Here by our choice Q mi +i — G and has strictly positive mea- 
sure on G/Y. Now note that there exists go G G and an analytic curve ip : I — > M™ -1 
such that <p(s) = u(tp(s))g for all s G /. By our condition, the image of if) is not 
contained in any proper affine subspace of IR n ~ 1 . We then apply Theorem 11.21 for 
x = g Z n . □ 

Proof of Theorem 11.51 Let the notation be as in the beginning of this section. With- 
out loss of generality we may assume that (I2.2p holds. The only difference is that now 

the iVij's are real numbers instead of integers. We may also assume — ° -Wo,* 
and A^o,* ^ Z. Let n = k + 1 and xq = Z n G Q. Then in view of (12.51) . considering 
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only the first factor, it is enough to show that there exist < // < 1 and io G N such 
that 

(2.17) a Ti Q mi+ ix Q n fCfj, = 0, Vi > z . 
Since /Cx = f] 0<ll<1 JC^, it is enough to show that 

(2.18) a T0 Q mi+1 x n /Ci = 0. 

Suppose if this intersection is nonempty, then by Theorem 12.31 due to Minkowski 
and Hajos, 

(2.19) a T0 Q mi+1 n nyvr ^ 0. 

Applying a on both sides, we get 

(2.20) a TQ Q' mi+1 n W n AT ^ 0. 

Let {ei, . . . , e n } denote the standard basis of M". Since Q' mi+l ei = e x and a xo ei = 
AT 0) fc, there exist t> = q±ei + • ■ ■ + q n e n G Tei C Z n , u> G W n and g = (sy) G A/" such 
that 

(2.21) N , n -iei = wgv. 
Let 1 < r < n be such that w~ l e\ = e r . Then we have 

(2.22) N 0>n ^^q r + J2 x m 

j>r 

(2.23) 7- • X/V/ ; (i>r). 

Putting i = n in (12.231) we get that q n = 0. Now for any i > r, if qj = for all j > io 
then putting i = i in ( 12. 23ft we get that qi = 0. Therefore by induction qj = for 
all j > r. Therefore (I2.22p becomes No jU -i — Qr G Z, a contradiction. This shows 
that the intersection in (12.181) cannot be nonempty, and the proof is complete. □ 

Now we begin the proof of the main Theorem 11.21 

3. NONDIVERGENCE OF TRANSLATES 

Let the notation be as in §1.11 and the statement of Theorem 11.21 We consider the 
action of G on L/A via the homomorphism p; that is, for any i6l/A and g G G, 

we have gx := p(g)x. Let {xj} ie N be a sequence in L/A such that Xi *- z ^ > x . For any 
j G N define //j to be the probability measure on L/A as 



(3.1) 



/ fdfM := rjr [ f{a Ti u(<f(s))Xi) ds, V/ G C C (L/A). 
J L/A I 1 I Jl 



Theorem 3.1. Given e > there exists a compact set T C L/A such that /^(JF) > 
1 — e for all large % G N. 

In the case of L = SL(n, R), p the identity map, and A = SL(n, Z), the result was 
obtained by Kleinbock and Margulis [TO] . 
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3.1. Let ffl denote the collection of analytic subgroups H of G such that H R A is 
a lattice in H and a unipotent one-parameter subgroup of H acts ergodically with 
respect to the if -invariant probability measure on H/H(lA. Then J$? is a countable 
collection [HI [16]. 

Let [ denote the Lie algebra associated to L. Let V = ®^™ [ A d 1 and consider the 
(©d™ ( A d Ad)-action of L on V. Given H G let f) denote its Lie algebra, and fix 
p H G A dimf, f) \ {0} C V. Let N L (F) denote the normalizer of if in L. Then 

(3.2) Stab L (p H ) = N£(iZ) := {g G N L (ii) : det((Ad g)^) = 1}. 

Proposition 3.2 (|6J). The orbit A • pn is a discrete subset ofV. □ 

Consider the G action on V via p; that is gv = p{g)v for all g G G and v G V. 
Given a sequence ^ as in §1.11 we define 

V- = { v 6 ^ : a x .t> ^> o}, vi = G F : a; 1 ^ ^ 0} 

(3.3) ' 9 1 \ 1 * . " l 1 

l/^ = {G V : a Ti v — > v\ and a T% v — ► v 2 tor some v±, v 2 G k}. 

Since {a T : r G M" -1 } acts on V by IR-diagonalizable commuting automorphisms, by 
passing to a subsequence of , we have 

(3.4) V = Vp@V£@ V+. 
Let : V — > denote the corresponding projection. 

3.2. Margulis-Dani non-diverergence criterion. We recall the following crite- 
rion based on [5j [T7J [10]. Here we use the information that if is an analytic map. 

Proposition 3.3 ([02 Prop.3.4]). There exists a finite collection W C J4? (depending 
only on L and A) such that the following holds: Given e > and R > 0, there exists 
a compact set fcL/A such that for any hi, h 2 G L and a subinterval J C I, one of 
the following conditions is satisfied: 

I) There exists 7 G A and W G W such that 

sup\\h 1 u(ip(s))h 2 pw\\ < R- 

s£j 

II) ±\{s G J : h x u{ip{s))h 2 A/A G F}\ > 1 - e. 

Proof of Theorem \3.1[ Let go G L such that Xq = g^A. Take a sequence i?^ ^— ? 
of positive reals. Suppose that Theorem 13.11 fails to hold for some e > 0. Then for 
any R > and any compact set T and infinitely many % G N, the condition (II) 
of Proposition 13.31 fails to hold for J = I, hi = a Ti and h 2 = go', and hence the 
condition (I) holds. Therefore after passing to subsequences, there exists W G Jf, 
and for each i there exists 7, G A such that 

(3.5) s\xp\\a Ti u(ip(s))go-fip w \\ < R { ™ 0. 
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By Proposition 13.21 there exists r > such that ||<7o7iPw|| > r for each i. We put 
Vi = goliPw/\\9oliPw\\- Then 

(3.6) sup\\a Ti u(Lp(s))vi\\ < R i /\\g r YiPw\\ < Ri/ r o ™ 0. 

After passing to a subsequence v E V and ||t> || = 1. Now from (13.31) . (13. 4p and 
(13. 6p we deduce that 

(3.7) u(<p(s))v G V#, Vs G /. 

A main result on linear dynamics proved in the next section, namely Corollary 14. 9[ 
in view of Lemma T4.ll states that: For any finite dimensional linear representation V 
of G, any v G V \ {0} and any B C W 1 ^ 1 not contained in a proper affine subspace 
ofR n -\ 

(3.8) ifu(e)v G + V% for all e G B then ?rf (u(e)v) ^ for all e G B. 



Since {f(s) : s G 1} is not contained in a proper affine subspace of M. n 1 , (13.71) 
implies the if condition of (13. 8p but contradicts its implication. □ 

From Theorem 13.11 we deduce the following: 

Corollary 3.4. After passing to a subsequence, \x\ — ► /i as i —* oo in the space of 
probability measures on L/A with respect to the weak-* topology; that is, 

(3.9) / fdfn^ [ fdfi, V/eC c (L/A). 

Jl/a Jl/a 

4. Dynamics of the intertwined linear actions of various SL(m, R)'s 

CONTAINED IN G 

In this section will give proofs of the new technical results of this article, including 
the one used above. We will also derive their further consequences, which will be cru- 
cially needed for applying the linearization techniques in combination with Ratner's 
theorem, in order to describe the limit measure \x in later sections. 

4.1. Layered presentation for the infinite sequence 2? '. Let 3? = (t^)^ be 
an unbounded sequence as in §1 . It that is, Tj = (r^i, . . . , r i)n ) G M n_1 such that 
r i,i > T i,2 > • ■ • > r i,n > 0. By passing to a subsequence we may further assume that 
there exist k G {1, . . . , n} and integers n — 1 > mi > 7712 > ■ ■ ■ > mk > 1 such that 
the following holds: 

lim Ti r < 00 (mi < r < n — 1) 

i— »oo ' 

lim r i)77ll = 00 
lim (r iim - r i)m< ) = 00 (1 < I < k - 1) 

lim (ri, r - r ijm J < 00 {m e+1 < r < m e , 1 < £ < k), 

i— >oo 
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where rrik+i = 0. Define 

fj r = (mi < r < n — 1) 

^i,r = Tj,m« (^+1 <r <m e , 1 < ^ < &) 
T* v*)l> ' ' ' ' 7~i,n— l) ■ 

Then linij_ >00 (Ti — Tj) exists in IR n_1 . Define 

ti,£ 7~i,mt 7"i,m^_i (2 ^ ^ fc) 

Thus we obtain a sequence T = (ti) ieN associated to the given sequence 5* as above. 
Now t ifl ^ oo (1 < £ < k). 

4.2. Notation and set up. We are given natural numbers n, k < n and n — 1 > 

mi > ■ ■ ■ > wife > 1. Let Eij denote the n x n-matrix with 1 in the (i, j)-th coordinate 
and in the rest. For 1 < £ < k, we define 

(4.1) A e = m e E 1A - E i,r 

Given 1 < £ < k, let T = (£i)|^i C (M+) be a sequence such that each coordinate 
of ti tends to infinity as i — > oo. For t = (ti, . . . , ti) G M £ , define 

(4.2) A(t) := hAi + ■■■ + t e A e . 

Note that for the sequences 2? and T as described in §4.11 we have 

(4.3) a n = exp(A(ti)), Vi G N. 

Let V be a finite dimensional linear representation of SL(n, M). 
For /j, = (fix, . . . , Hi) G M £ , we define 

(4.4) = {v E V : AiV = w for 1 < i < £}. 

Thus if v G V M then ^(t)u = (/x • t)u. The set A e := {v eR £ :V„ ^ 0} is finite, and 

(4.5) V = ® veAt V„. 

Let 7r J : V — > denote the corresponding projection. We put 

(4.6) A := A fc . 
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We define 

V~(T) = {v G V : exp(A(ti))v ^ 0} 

{f*6A^:limi_, 00 /x-t;=-oo} 

V+(T) = {veV : exp(-A(ti))v ^ 0} 
(4-7) = E ^ 

{/iGA^ilimi^oo /xi;=oo} 

V°fT) = (n G V ■ b ° th ex P(~^(^)) w and exp(^4(tj))t; | 
^ I ' converge in V as i — > oo / 

{fi6A^:|linij_, 00 /x-ti|<oo} 

Then after passing to a subsequence of T, we have 

(4.8) V = V + (T)@V\T)@V-(T). 

Let 7r^~ : V — > V°(T) denote the corresponding projection. 
In view of (14. 3 j) we have the following: 

Lemma 4.1. Lei and T 6e as defined in §^.i[ Z-et and V^J- &e as defined 

in (13.31) . Tnen 

V~ = y+(T), V£ = V°(T) and V£ = V°(T). 
In particular, the corresponding projections tIq — 7r^". □ 

4.3. Main Result. In the following discussion, let T = (ti) c *L l C (IR+) fc , where > 2 

is a sequence such that (each coordinate of ti) 1 ^* oo and V = V°(T) © V + (T) © 
V-{T). For t = (ti, ... ,4) G let £' = (ti, . . .,t k -i) G K fe-1 . Given T as above, 
let 

(4.9) r = WZi C (M + ) fc - 1 - 

Proposition 4.2 (Basic Lemma-II). Let B be an affine basis of MP -1 ; iaai is, {e' — e : 
e' G B} is a basis ofMJ 1 ^ 1 for any e G B. Suppose that v G V is such that 

(4.10) u(e)v G V°(T) + V~(T), Ve G B. 
Tnen /or any e G Z3 ; 

(4.11) w(e)u6V°(r') + F-(r'). 
Moreover for any e £ B, 

(4.12) if iff (u(e)v) ± iaen 7rJ(7r(u(e)i;)) ^ 0. 
The rest of §4.31 is devoted to the proof of this proposition. 
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4.3.1. Notation. Let c = span{Ai, . . . , A k }. Let f) denote the Lie algebra generated 
by elements 

(4.13) E 1A , E hj , E jtl , Ejj, where 2 < j < m k + l. 

Then () is naturally isomorphic to sl(m k + 1,R). Since [c, h] = f), we have that c + f) 
is a reductive subalgebra isomorphic to 3 c (h) © f), where j c (f)) denotes the centralizer 
of f) in c. 

We define a preorder ^ on A by 

(4.14) ii <v (fi, ■ t < v ■ t for all t G T). 

By passing to a subsequence of T we may assume that ^ is a total preorder. Note 
that (/x 2< and v ^ n) does not imply \i = v. 

For ^x = (//!,..., /i fc ) G R fc we define /x' = (fXi, . . . , //fc_i) G R* -1 . 

Lemma 4.3 (Positivity Lemma). Lei W be an irreducible (c + t))-submodule of V . 
Let 

(4.15) A(W0 := {/x G A : t£(W0 ^ 0}. 

T/ien for any /x, i/ G A(W) and i G (R >0 ) A: , where k > 2, we have 

(4.16) iit>vt fi k > v k n' ■ t' > v' ■ t', 
where /x = (/ii, . . . , fi k ) G R fe and v = (z/i, . . . , v k ) G R fc . 

Proof. In view of the expression c + 1) = 3 c (f)) + f), for any t — (ti, . . . , t k ) G R fc , 

(4.17) i(t)=z(t') + (/(t')+^)A 

(4.18) .A(t') = z(t') + f(t')A k , 

where z(t') G 3 c (f)) and 

(4,9) «0-g££* 
Here we observe that since k > 2, 

(4.20) t' G (R^)*" 1 =^ /(f) > 0. 

Since the action of c is via commuting R-diagonalizable elements and W is an 
irreducible 3 c (f)) + f)-module, the center 3 c (f)) of c + f) acts on by scalers. Therefore 
for each t G (R >0 ) fc , there exists a constants c(i') G R such that 

(4.21) z(t')w = c(t')w, Vw G W. 
For any /x G A(VF), there exists O^wG ^(W) C M 7 - Now 

(4.22) (/u • t)w = A(t)w = z(t')w + (/(*') + t k )A k w 

(4.23) =(c(f) + (/(* , )+tfcKK 
where fi ■ t = niti + • • • + fi k t k . Similarly, 

(4.24) (/x' • t')w = A(t')w = (c(f) + f(t')fi k )w. 
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Therefore, since w^O, 

(4.25) f x-t = c(t') + (f(t')+t k )fi k 

(4.26) // • H = c(f ) + /(t> fc . 
Therefore, since /(£') > 0, for any E A(W), 

(4.27) fj,t>vt // fc > z/ fc jj! t' >u' ■ t'. 



□ 



Notation. We express R n_1 = R mfc © j^«-i-m fc and let ? . R «-i _^ R m fc and ?± 
]R n_1 — > R™ -1- " 1 * denote the associated projections. Let 

2B = {uj G N G (M(R n_1 )) : exp(t4*> exp(-tA) e} 

(4.28) 



1 

-fm fe W 

In — 1 — m r. 



: u> G M{m,k X (n — 1 — m^) 



Lemma 4.4. Let £ C R n 1 fre stzc/i £/iat g(£) zs a frasis of W rik . Then there exists 
uj G 2U sitcA i/iat 

(4.29) wit^u; -1 = u(g(e)), Ve G £. 

Proof. We fix the standard basis of R n_1_mfe , and consider the basis q(S) of R mfe . 
Then there exists a unique 

(4.30) iy G End(R mfc ,R n_1 - mfc ) = M(m fc x (n - 1 - m fc ),R) 

such that w(q(e)) = q±(e) for all e G £. Then u;(u>) G 2U satisfies (14.29)) . □ 
Lemma 4.5. For any uo G 22J £/ie following holds: 

(4.31) w(V°(T) + F-(T)) C V°(T) + V"(T) 

(4.32) x G V°(T) + V~(T) 7T^(s) = 7r^(c;x) 

(4.33) w(V°(T') + V~(T')) C V°(T') + V~{T') 

(4.34) a; G V°(T') + V~(T'), ir$(x) ^ <S> ttJ \ux) + 0. 

Proof. Let tn denote the Lie subalgebra of g associated to 2U. Then ro is contained 
in the sum of strictly negative eigenspaces of ad(A(T)) acting on g. Therefore (14.311) 
and (Q2]l hold. 

Similarly (14.331) and (I4.34[) hold, because to is contained in the sum of zero eigen- 
spaces and strictly negative eigenspaces of ad(Ae) acting on g for all 1 < t < k — 1. □ 

One of the crucial ingredients in the proof of Proposition 14.21 is following 'Basic 
Lemma-I' [T9"j Proposition 4.2]. 

Proposition 4.6. Let m > 1 and A = diag(m, — 1, . . . , — 1) G sl(m + 1,R). For 
any x G R m ; let u(x) = (o j^) G $l(m + 1,R). Let W be a finite dimensional 
representation of SL(m + 1,R). Let W~ (respectively W + ) be the sum of strictly 
negative (respectively positive) eigenspaces of A and W° be the null space of A. Let 
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7T : W — > W° denote the projection parallel to W~ © W + . Let B\ be an affine basis 
of~R m and w G W . Suppose that 

(4.35) u(e)w G W° + W~, Ve G B x . 
Then 

(4.36) ir (u(e)w) ^ 0, Ve G B x . 

□ 

Corollary 4.7. In Proposition ^^ suppose further that 7To{u(eo)w) is fixed bySL(m+ 
/or some eo G Si. T/ien w zs /ixed fry SL(m + 1,R). 

Proof. Let u> = w(e )w — 7r (ii(eo)w). Put # 2 = {e— e : i3 2 }. Then u(e')t(;o G V°+V~ 
for all e' G B 2 - Since S 2 is an affine basis of M. m , by Proposition 14.61 if w 7^ 
then 7r (u>o) 7^ 0, which contradicts the choice of Wq. Therefore Wq = 0. Hence 
u(eo)w = Tr Q (u(eo)w) is fixed by SL(m + 1, M). In turn, w is fixed by SL(ra + 1, M). □ 

Proof of Proposition \4-S\ Let eo G B. We want to prove (14. lip and (I4.12p for eo in 
place of e. By replacing v by w(e )u and replacing every element e G B by e — e , 
without loss of generality we may assume that e = 0. Let B\ C £> containing such 
that c?(j6i) \ {0} is a basis of By Lemma [4.41 there exists uo G 2B such that 

(4.37) wufejw" 1 = u(q(e)) Ve G B a . 

We put v := uv. Then by (OUT) . (l4T3Tj) and (14371) . we have 

(4.38) u(g(e))v = w(u(e)u) C V°(T) + ^-(T), Ve G #1. 

By if ttJ» ^ then 7r£> ) ^ 0. By if 7rg> ) ^ then tt2>) ^ 0. 

Therefore by (14.331) . in order to prove (14. 1 1 j) and (I4.12p . it is enough to show that 

(4.39) v Q = uv G V°(T') +V-(T'), and 

(4.40) if ill' (v ) ^ then t${v ) ^ 0. 
We decompose V into irreducible (c + f))-submodules as 

(4.41) V = Wi © • • • © W s . 

For each 1 < j < s, let Pj : V — > Wj denote the associate projection, which is (c + f})- 
equivariant. To show the validity of (14.391) and (14.401) it is enough to prove that for 
every 1 < j < s, 

(4.42) Pjivo) G V°(T) + V-(T'), and 

(4.43) A k ■ Pj^' (v )) = 0. 

Now onwards we will fix j as above, and put W = Wj and P = Pj. 
Without loss of generality we may suppose that P(v ) 7^ 0. Let 

(4.44) A(W, Bx) = {ue A(W) : Tr„(P(u(q(e))v )) ^ for some e G Bx}. 
We now recall that by (I4.38P we have 

(4.45) v ■ t < 0, Vi/ G A(W, Si), Vt G T. 
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Let fx be the maximal element of A(W, B\) ^ with respect to the total preorder 
defined on A; that is, 

(4.46) u t<fj, t, Vt G T, W G A(W, Bi). 
Therefore by Lemma [4.31 for all v G A(W,Bi) we have 

(4.47) v k < fi k and 

(4.48) u' t' < /a' • t, Vt G T. 
For A G R, let 

(4.49) W x = {w eW : A k w = \w}. 
Then for any v = (z/ 1; . . . , u k ) G A, 

(4.50) 7T u (P(u(q(e))v ) G W^. 
Hence by ( l4~4ll) . flO?) . and fjOOjl we conclude that 

(4.51) u(g(e))P(« ) = P(«(g(e))« ) G ^ W A , Ve G B x . 

Let H be the Lie subgroup of G associated to the Lie algebra f). Then H is naturally 
isomorphic to SL(m k + 1,R). We now apply Proposition 14.61 in the case of m — m k 
and A = Ak, B\ = q{B\) and w = P(vo). Note that if < 0, then by (I4.5ip we have 

(4.52) u{e)w G W~, Ve G B x . 

Therefore the condition (14.351) of Proposition 14.61 is satisfied but its conclusion (14.361) 
fails to hold. Thus we conclude that 

(4.53) fi k > 0. 
Therefore for any t G T, by (14 .45 p . we have 

(4.54) yl t' ' = n-t- fx k t k < 0. 
Then from (14.481) we conclude that 

(4.55) i/ t'</x' t'<0, Mu G A(W, B\), Mt' G T'. 

Now in view of (14.441) this implies (I4.42p . 

Next in order to prove (14.431) . suppose that v G A(W, B\) and v' = 0'. We need to 
show that v = 0. 

Let % G N. By (OSD . 

(4.56) = i/' ■ < /a' • t- < 0. 
Therefore, by (I4.53P and since t^ k > 0, 

(4.57) > » ■ ti = n' ■ t[ + Atfcti,* > 0, 
and hence 

(4.58) /i fc = 0. 
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Therefore by (14.261) and ( 14. 56ft . applied first to u, and to /x, we get 

(4.59) /(t> fe = v' ■ t[ - = -c{t[) = f(t')fx k - ■ t[ = 0. 

Since /(tj) > 0, we conclude that v = 0. □ 

4.4. Consequences of the Basic Lemma-II. For any 1 < i < k and t = (ti, . . . , t^) G 
R k define t{£) = (ti,...,t e ), and T{£) = (t^i))^, where T = (ti)™i such that 
ti G (R+) fc , each coordinate of U tends to infinity as i — > oo. By passing to a subse- 
quence we will further assume that 

(4.60) V = V-{T{£))®V°{T{£))®V-{T{£)) (1 < i < k). 

By applying Proposition 14 . 21 repeatedly, we can decrease k, and obtain the following: 

Proposition 4.8. Let B be an affine basis o/R" _1 and v EV be such that 

(4.61) u{e)v eV°(T) + V-(T), Ve G S. 
Then for any 1 < I < k, and any e G B, 

(4.62) u{e)v G V°(T(£)) + V-{T{£)), and 

(4.63) ifito${u(e)v) ^ then n^(u(e)v) ^ 0. 

□ 

By specializing this result to the case of £ = 1, we deduce the following generaliza- 
tion of Proposition 14.61 

Corollary 4.9. Let B be an affine basis o/R™ -1 and v G V be such that 

(4.64) u(e)v G V°(T) + V~(T), Ve G S. 
T/ien 

(4.65) T^l(u(e)v) ^ 0, Ve G S. 
Proof. By (14.621) Proposition 14.81 applied to £ = 1 we get 

(4.66) ii(e)DG^(T(l)) + r(T(l)), Ve G S. 

Take any e G S and choose Si C B containing e such that q{Bi) is an affine basis 
of R mi . Let 2U be defined as in (14.281) associated to A± in place of Ak- Then by 
Lemma H3] there exists uj G 2U such that knt(e — eoV -1 = u(q(e — e )) for all e G Si. 
Therefore 

(4.67) u(q(e - e ))(uu(e )v) G 7°(T(1)) + V~(T(1)), Ve G S x . 

Therefore by Proposition 14.61 applied to m — mi, A — Ai, B\ — {q(e — eo) : e G Si} 
and w = uu(e )v, we get 

(4.68) 7r^(LUu{e Q )v)^0. 

Therefore in view of (14.311) of Lemma 14.51 for 2H and T defined for the case of k = 1 , 
we get 

(4.69) 7t^(u(e )v) = 7t^(uu(e )v) ? 0. 
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Now from (14.631) of Proposition 14.81 we conclude that 7rjf(it(eo)i>) ^ 0. □ 

Corollary 4.10. Let T C (M + ) fc be as in §^.3[ Assume that mi = n — 1. Let 
(p : J = [a, b] — > M™" 1 6e a differentiable curve whose image is not contained in a 
proper affine subspace ofW' . Let v G V be such that 

(4.70) u(<f(s))v G V°(T) + V-{T). 
Then v is G-fixed. 

Proof. Given any s G /, there exists a set {si, . . . , s n -i} C / such that B := {p(si) : 
0<z<n — ljisan affine basis of M n_1 . Therefore by (14.621) of Proposition 14.81 
applied to £ = 1 we get 

(4.71) «(^)>^°(T(l)) + r(T(l)). 

Therefore by pH Cor. 4.6] G fixes v. □ 

We will now generalize the above result for all 1 < nil < n — 1. 

Proposition 4.11. Let T C (M+) fc be as g3 Let (p : I = [a,b] -> R n_1 &e a 
differentiable curve which is not contained in a proper affine subspace of MJ 1 ^ 1 . Let 
v eV be such that 

(4.72) e V°(T) + V~(T), Ws G /. 
Then v is fixed by the subgroup Q mi +i- 

Proof. Without loss of generality we may assume that v ^ 0. In view of Proposi- 
tion SS| 

(4.73) u(<f(s))v G V°(T(1)) + V~(T(1)), Vs G I. 

At this stage we will take = 1 and replace T by T(l). Let L = W 711 , L = 
jgn-i-mi^ anc j . _^ ^ anc [ ^ . jjn-i ^J- ^ ne projections associated to the 

decomposition M™" 1 = L © L -1 . 

Take any so £ I and put eo = (p(so). Due to the hypothesis on tp there exists a 
finite set £ C (f(I) containing eo such that {q(e) — q(eo) : e G £} is not contained in 
a union of (mi + 1) proper subspaces of L. 

Let £>i C £ containing eo be such that the set {q(e) — g(eo) : e G 6j \ {eo}} is a 
basis of L. Let 2U be defined as in (I4.28P for k — 1. Then there exists co> G 2U such 
that u;w(e — eoV -1 = u(q(e — e )) for all e G £>i. We put v = u(e )v. Now by (14.731) 
and (I4.3ip for the case of k — 1, 

«(<?(e - e ))ow = ww(e - e )v 

(4 74) 

v ' ; =uu(e)v eV°(A 1 )®V-(A 1 ). 

Let if = SL(mi + 1,R) be the Lie group associated to the Lie algebra f) as defined 
through (14.131) for k = 1. Let C = {q(e — e ) : e G B\ \ {e }}. Let D c consist of those 
g G Z#(exp(IfL4.i)) such that for each e' G C, we have gu(e')g~ l = w(Ae') for some 
A > 0; cf. [El eq.(4.48)]. Then by [19, Prop.2.3], for all e G Bi, 

(4.75) it^^uu^v) ^ and £> c C Stab G (7r 4l (cjM(e)t;)). 
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By (14.321) . applied to the case of k — 1, ^^{uovq) = tt^^vo), and hence 

(4.76) rto l {vo) ^ and D c C Stab G (vr^ 1 (t; )). 

This equation holds for all choices of B\ C £ containing eo such that q{B\) spans L\ 
here it is important that (I4.76P does not involve uj. Therefore in view of the hypothesis 
on S, by [191 Cor. 2. 4] we can deduce that 

(4.77) 71-^0)^0 and 

(4.78) Z H (exp(RAi)) C Stab G (7r ^(t; )). 
Next we want to show that 

(4.79) u(Xq((p(s))) G Stab G (7r^(u(^(s»)), Vs G I and A G R. 

To see this, put a(t) = exp(L4i) for all t G R. For £ G R n_1 , we define a(t) ■ £ by 
the relation u(a(t) ■ £) = a(t)u(0a(t) -1 . Then a(t) • q(£) = e mi 'g(£), a(t) • q±(g) = 

(4.80) e- mit a(i)-^g(0. 
Take A G K and t f 00. Put s { = s + \e~ miU . Then 

a(^)u(^(si))u = ^(u^Si)) + a(t i )7rf 1 (M(v9(s i ))) 

(4-81) 

Also a(tj)w(99(s))f ^^(^((^(s))?; ). Since 
by gSOD, 

(4.83) a; • {(f{si) - (p{s )) ™ \q(<p(s)). 
Therefore 

aiu(ip(si))v = 0^(^(5^) - </?(s))w(^(s))w 

(4.84) = • (^(si) ~ (p(s)))oiu((p(s))v 

^ u(Xq(ip(s)))7c^(u(ip(s))v). 

Thus gZSD follows from (Olj) and (Oil . 

Due to our hypothesis on <p(s), we could choose s G / such that g(0(s o )) 7^ 0. Let 
Q denote the subgroup of H generated by Zf/(exp(lL4.i)) and w(Rg(0(so))). It may be 
verified that Q is a parabolic subgroup of H. By (I4.77P and (14.791) . Q C Stabc^^ 1 ). 
Therefore we conclude that 

(4.85) HC StabcK 11 («„)). 

Therefore i7 fixes vr^^cufo) = tTq 1 (' u o)- Now by (14.741) and Corollary 14.71 we conclude 
that 

(4.86) H C Stab G (^ ). 
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Let {ei, . . . , e mi } denote the standard basis of R mi = L C R™ _1 . Note that any 
z G Zh(^A\) acts on e G L via the relation u(z ■ e) = zu(e)z~ 1 . This action of 
Z H (M.Ai) surjects onto GL(mi,R). Therefore there exists z G Z H {RAi) such that 

(4.87) {z-g(e-eo) : e G B x } = {0, e x , . . . , e m J. 
Since u G Q mi+ i, and 

(4.88) zw{V°{Ai) + V~(Ai)) = V°{A X ) + V~{Ai), 
replacing <p(s) by the curve ipi(s) such that 

(4.89) zuu((p(s) — e )ui~ 1 z~ 1 = u(<fi(s)), Vs G /, 

and replacing v by zcufo, and E\ by {0, ei, . . . , e mi }, without loss of generality we may 
assume the following: 

(4.90) H -v = v, and u((p(s))v G V°(Ai) + V~(Ai), Vs G I. 
Let gi : R n_1 — > Re mi+ i denote the coordinate projection. Put 

(4.91) J 7 = {^(s) : s E I, qi((f(s)) ^ 0}, then L x = span({g ± (e) : e G JF}). 
Now take any e £ J 7 . Then there exists z e G Z#(exp(R.Ai)) such that 

(4.92) z e ■ q(e) = ex, and z e ■ e, = (2 < z < m^). 
Therefore, since elements of if and M(f" L ) commute, we have 

(4.93) z e w(e)z e -1 = u{e x + g±(e)). 

Write q ± (e) = (x TOl+1 (e), . . . ,x„_i(e)) G L x = R™- 1 "" 11 , and let 

(4.94) w e := I n + x A e ) E U^j) G 2& 

j=mi+l 

Then a> e w(ei + (?±(e))u; e _1 = «(ei) and u; e commutes with «(ei) for z > 2. Therefore 
by (THUD, (S32D and (Q5]l . 

V°(A) + 3 w e 2; e M(e)t; = u(ei)(w e i;) 

+ ^~(A) 3 WeZ e u(e i )i; = u(ei)(w e i;) (2 < z < m fc ). 

Therefore, since Ti^{uj e v) = 7Tq(v) = v is fixed by if, by Corollary 14.71 

(4.96) H C Stab G (w e *;). 

Now if U {ijj e Hu e ~ l ) C Stab(f), exp(RAi) C H and exp(L4iV e exp(— L4i) converges 
to the identity element as t — > oo. Therefore cu e G Stab(t>) for all e G JF. 

Let Q be the subgroup generated by if and {^ ?x ( e ) = w e : e G -T 7 }. Then Q C 
Stab(u). By f)4.9ip Q is generated by H and u; L x := {u x : x G L^. Now in view of 
(I4.94p it is easily verified that subgroup generated by Z H (exp(Ai)) and u L ± contains 
2U. The group generated by 2U and u(L) contains u(L ). Therefore 

(4.97) Stab(v) D Q D H ■ Wu(L L ) = Q mi+1 . 

□ 



( 4 -95) 
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We will need the following property of Q mi +i- 

Lemma 4.12. Let x G R" 11 \ {0}. Then there is no closed proper normal subgroup 
of Qmi+i containing u(x) . 

Proof. Let N be a closed normal subgroup of Q mi+ i containing u(x). Then u(x) 
belongs to iV n H, which is a normal subgroup of H. Since H = SL(mi + 1, M.) is 
a simple Lie group with finite center, it does not contain an infinite proper normal 
subgroup. Therefore H <Z N . We note that if uo G 2B U i^L -1 ), then the closure 
of the group generated by u expiRAijoo^ 1 and exp(lL4i) contains uj. Since N is 
normal in Q mi+ i and exp(R*4i) C H, we conclude that 2B U u^L^) C N. Therefore 
N = Q mi+1 . □ 

5. Invariance under a unipotent flow 

Our aim is to prove that the measure \x as in Corollary 13.41 is an algebraic measure. 
For this purpose, we will first 'stably' modify the measures fa, and then show that a 
stable modification of fi is invariant under a unipotent flow. This will allow us to use 
Ratner's theorem in our investigation. 

5.1. Stably twisted trajectory. Let q : R n_1 — > R mfe denote the projection on the 
span of first m^-coordinates. We suppose that ip : I = [a, b] — > IR n_1 satisfies the 
following condition for all s E I, 

(5.1) q&(s)) + 0. 

It may be noted that since if is an analytic curve whose image is not contained in a 
proper affine subspace of IR n_1 , ip satisfies (15. ip at all but finitely many s 6 /. 
Fix w G R mk \ {0}, and define 

(5.2) W = {u(sw ) : s G R}. 

Let Z denote the centralizer of exp(R^) in SL(mfc + 1,R). Then Z acts on R mfc via 
the correspondence u{z ■ v) = zu[v)z~ x for all z G Z and v G R mfc . This action is 
transitive on R mfe \ {0}. By (15.11) there exists an analytic function z : I — > Z such 
that 

(5.3) z(s) ■ q((f(s))) = w , Vs G /, 
where ip(s) = d<p(s)/ds. In view of §4.11 and (14. 3p . we set 

(5.4) at := = exp(^(t,)), Vz G N. 

Like (13. ip . for any i G N, let Aj be the probability measure on L/A defined by 

(5.5) / / d\ := Ir [ f(z(s)a l u(^(s))x l ) ds, V/ G C C (L/A). 

J L/A I 1 I Jsel 

Since {a^a^ 1 : i G N} and z(I) are contained in compact subsets of Z, from Theo- 
rem [3J] we deduce that there exists a probability measure A on L/A such that, after 
passing to a subsequence, Aj — ► A in the space of probability measures on L/A with 
respect to the weak-* topology. 
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Theorem 5.1. The measure A is W -invariant. 

Proof. Let q± : R n_1 — > M. n ~ 1 ~ mk denote the projection on the last (n — 1 — m^)- 



pn— 1 



coordinates. Let aj = exp(5^" =1 r/^- + Tj' mfc ). Then for any £ 6 

(5.6) ^ = g(0 + 9±(0 5 a; • 9(0 = «;?(0 and a~V* • '-^ °- 

Let t G R. Take any e > 0. For i G N, let N { := [e\I\on] G N. Then 

(5.7) on/Ni *±3 (el/l)- 1 and on/Nf^O. 

We partition / = U^i,., where J r = [s r , s r+ i] and s r+ i — s r = \I\/Ni. Let 
ip r (s) := y(s r ) + (s — s )<f(s r ), Vs G K, then 

yj(s) = Vv( s ) + £ r( s ) an d £ r( s ) = 0(A^~ 2 ), Vs G 7 r . 

^? 0. Since z(-) is continuous and bounded, 



(5- 



By (15. 6ft and (15. 7ft . sup sg/r ||aj • e r (s 
for all large i and 1 < r < iVj, 

(5.9) |/(^(s)ai«(^(s))a;i) - / (^^(Vv («))£;) | < e, Vs G I r , 

where z r = z(iz(s r )), and the same holds for f'< tw ^ in place of /, where f u ( tw °)( x ) : 
f(u(two)x) for all x G L/A. Therefore 

n, 



(5.10) 



f(x)d\i(x) 

L/A Ml 



z r aiu(ip r (s))xi) ds 



< e, 



and the same for f u ( tw °} in place of /. 
Next, for any s G I r , by (15.31) and (15. 6p . 

u(two)z r aiu(ip r (s)) = z r u(tq(ip(s r )))aiu(if) r (s)) 

= z r aiu{ta~ l q{(p{s r )))u{ip r {s)) 

= z r a i u(-ta~ 1 q_ L ((f(s r )))u(^p r (s) + ta~ 1 (p(s r )) 

= u(z r a,i ■ (—ta~ 1 q±((p(s r ))))z r a i u(ipr(s + t^ 1 ))- 



By (EU), sup aeJ Jz r ai • (-ia^ l q_ L (ip(s r 



0. Hence for large enough i, 



(5.12) 
Now by (J! 

(5.13) 



/ |/(tt(ttW )z r OiV'r 

r=l 



(s)xj) — f(z r aiip r (s + ta i )xi)\ ds < e\I\. 



Ni 

£ 

r=l 



ir 



f(z r aiu(tjj r (s))xi)ds— / f (z r aiu(ip r (s + tct i 1 )x i )) cis 



ir 



<iV i (2||/|| 00 ta- 1 )^2f||/|| 00 e|/|. 
For all large z, combining (I5.10p . (15.121) and H5. 13[) : 



(5.14) 



f(u(tw )y) d\i(y) 



L/A 



f(y)d\ i (y) 



L/A 



< (3 + 2t||/|| 0O )e. 
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Since e > is arbitrary, A is w(ttu )-invariant. □ 

6. Ratner's theorem and dynamical behaviour of translated 
trajectories near singular sets 

Next we will analyze the measure A using Ratner's description of ergodic and 
invariant measures for unipotent flows. 

For ffl be as defined in §3.11 and W be an Ad-unipotent one-parameter subgroup 
of G. For H G JT, define 

(6.1) N(H, W) = {g G G : g~ x Wg c H} and S(H, W) = \J FeJ e> N(F, W). 

FCH 

Let 7r : L — > L/A denote the natural quotient map. By Ratner's theorem [15) . as 
explained in [121 Theorem 2.2]: 

Theorem 6.1 (Ratner). Given a W '-invariant probability measure A on L/A, there 
exists H G Jif such that 

(6.2) X(tt(N(H,W)) > and X(ir(S(H, W)) = 0. 

ylnd almost all W -ergodic components of the restriction of X to 7i(N(H,W)) are of 
the form g[iH, where g G N(H, W) \ S(H, W) and fin is a finite H -invariant measure 
on ir(H) = H/H n A. 

In particular if H is a normal subgroup of L then X is H -invariant. □ 

6.1. Algebraic criterion for zero limit measure on singular sets. Similar to the 
nondivergence criterion given by Proposition 13. 3[ the next result provides a criterion 
for 'non-accumulation on singular sets' in terms of linear actions of groups; it is 
also referred by 'linearization technique'. Let the notation be as in §3.11 Let Wq G 
Lie(W) \ {0}. Let st = {v G V : v A w = 0}. Then 

(6.3) N(H,W) = {geL:g- PH ej*}. 

The following linearization statement from [TSJ Prop. 4.4] uses the fact that if is 
analytic; cf. [HE1CE2]. 

Proposition 6.2. Let C be any compact subset of N(H, W) \ S(H, W). Let e > be 

given. Then there exists a compact set Dc^/ such that given any neighbourhood $ of 
T> in V, there exists a neighbourhood O of '7r(C) in L/A such that for any hi, h 2 G L, 
and a subinterval J C I, one of the following holds: 

a) There exists 7 G A such that {hiz(s)u(ip(s))h2 r ))pH £ $, Vs G J. 

b) |{s G J : 7r(/iiz(s)u(^(s))/i 2 ) G 0}| < e|J|. 

□ 

Just as in the Proof of Theorem 13.11 we will apply this criterion to obtain an 
algebraic condition leading to the hypothesis of Corollary 14.91 

Theorem 6.3. Suppose that there is no proper closed subgroup H of L containing 
p{Q mi +i) such that the orbit Hxq is closed and admits a finite H -invariant measure. 

Let {Aj}"^ be the sequence of measures as defined by (15. 5p . Then A» A in the 
space of probability measures on L/A and X is L-invariant. 
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Proof. Earlier using Theorem 13 .11 we have shown that after passing to a subsequence, 
A j —>■ A in the space of probability measures on L/A, and by Theorem 15. II A is invariant 
under the Ad-unipotent one-parameter subgroup W. In order to complete the proof 
it is enough to show that any such limiting measure A is L-invariant. For notational 
convenience we will identify any g G G with p(g) G L. 
By Theorem 16.11 there exists H G J4? such that 

(6.4) X(ir(N(H,W)) > and \(ir(S(H, W)) = 0. 

Let C be a compact subset of N(H, W) \ S(H, W) such that A(C) > e for some 

e > 0. Let Qi g be as sequence in G such that xq = 7r(g ) and Xi = n{gi) for all 
i. Then given any neighbourhood O of 7r(C) in L/A, there exists z > such that for 
all i > z , we have \{0) > e and hence 

(6.5) ]7[^ S G ^ : ;Z ( s ) aiM ^( s )) a; i = n{a>iz{s)u(ip(s))gi) G 0}| > e. 

Let D C j?/ be as in the statement of Proposition 16.21 Choose any compact 
neighbourhood $ of D in V. Then there exists a neighbourhood O of 7r(C) in L/A 
such that one of the statements (a) or (b) of Proposition 16.21 holds for J = I, and 
any hi = a, and h 2 = g^. For any % > i , (a) cannot hold due to (16.51) . and hence (b) 
must hold; that is, there exists 7» G A such that 

(6.6) (z{s)a i u((p(s))g i 'Yi)pH = {aiz(s)u((p(s))giji)p H G Vs G I. 

Let $i = {-2(s) _1 : s G /}$. Then $i is contained in a compact subset of V, and the 
following holds: 

(6.7) a i u(ip(s))(ga i )p H e Vs G J, Vz > i . 

Let ||-|| be a norm on V. First suppose that after passing to a subsequence, 

(6.8) 7"j := ||7ij»fl-|| — >• oo as z — > oo. 

Then Vi := ^iPn/ri w for some u G V, ||f || = 1. Let R = sup{ || w|| : w G $i}. 
Then by (EH) 

(6.9) aiu(<p(s))giVi < R/r h Vs G J, Vi > z . 

Since i?/rj 0, and gwi *- := ^ ^o^, we conclude that 

(6.10) «W*))»cr(T), VsGl. 

Since there exists a finite set F C J such that B = {<p{s) : s G F} is an affine 
basis of M n_1 , (16.101) satisfies the condition (14.641) of Corollary 14.91 but contradicts its 
conclusion (14.651) . Thus (16. 8p fails to hold after passing to a subsequence. Therefore 
the set {'"fiPH : z G N} is bounded. It is discrete by Proposition 13.21 Hence it is a 
finite set. Therefore by passing to a subsequence there exists 7 G T such that 

(6.11) jip H = JPh, Vz G N. 
Therefore by (16 .7p we get 

(6.12) aM^gi^pH) C $1, Vs G I, Vz G N. 
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Let 7r^ : V — > y + (T) be the projection parallel to V°(T) + V (T). First suppose 
that %+(u((p(s))go'ypH 7^ for some sq G I. Then there exists c > and %\ G N such 

that ||7r+(M(v 9 ( s o))5 , i7P/i')|| > c for all i > %\. But then \\aiu((p(so)gi'fPH)\\ —> oo, 
which contradicts (16.121) . Therefore 

(6.13) u{<p{s)){g QlPH )c\V\T)@V-{T), Vs G /. 
Therefore by Proposition 14.111 Q TOl +i stabilizes g^pu- By (13.21) . 

(6.14) g^Qm^m C Ni(ff) = Stab L ( 7 PH). 

Since Ap# is discrete, ANj^if) is a closed subset of L. Hence ^(N^H)) is closed 
in L/A. By [16, Thm. 2.3] there exists a closed subgroup Hi of N^if ) containing all 
Ad-unipotent one-parameter subgroups of L contained in N- (if) such that ifi D A 
is a lattice in ifi and it (Hi) is closed. Since Q mi +i is generated by unipotent one- 
parameter subgroups of SL(n, R), by (I6.14p . g^Qnu+ido C ifi- Thus Q mi +i C 
goHig^ 1 and (g$HigQ l )xQ = goTr(Hi) is closed and admits a finite ^ro^^cT -invariant 
measure. Hence by the hypothesis of the theorem, g^Hig^ 1 = L. Therefore if is a 
normal subgroup of L. Therefore by Theorem 16.11 A is if -invariant. 

By (JS3D there exists g G ir(N(H,W)) ^ 0. Then W C gHg- 1 = H. Thus 
W C Q mi +i H H, which is a normal subgroup of Q mi +i H if- Hence by Lemma 14.121 
we have Q mi +i C H. Since ffx = n(Hg ) = g ir(H) is closed and admits a finite 
if -invariant measure, by our hypothesis H = L. Therefore A is /./-invariant. □ 

Proof of Theorem Let the notation be as in §4.11 Then 

Ti - Ti %= ^- r := (r(l), . . . , r(n - 1)) G M n_1 , as i — > oo. 



Therefore a Ti a^ '-^^ a^ . Hence in G/Q mi+ i, 

(6-15) a T i Qm 1 +l ¥ a f Qmi+l = a -r Qrm+l- 

Therefore to prove (11.61) . it is enough to prove the theorem in the case of T{ = 

We put Xi = Xq for all i. As noted before there exists a smallest closed subgroup 
H of L containing p(Q mi +i) such that the orbit Hx is closed and admits a finite if- 
invariant measure. Therefore without loss of generality we may replace L by H. Now 
to complete the proof of the theorem, we only need to prove that \x is f -invariant. 

Since ip is analytic, the condition (15.31) fails to hold only for finitely many points, and 
it is straightforward to reduce the proof of the theorem to the case where (15.31) holds 
for all s G f. Now the difference between /ij and Aj is only through {z(s) : s G I}. 
Given e > 0, there exists 5 > such that if J = [si, s 2 ] C i and < s 2 — si < 5 then 
\f(z(si)~ 1 z(s)x) — f(x)\ < e for all s G J and x G L/A. We define A/ by putting J 
in place of i in (15.51) . similarly we define /if. Then by Theorem I6.3[ \f — > A^, where 
Xl is the unique L-invariant probability measure on L/A. Since a>iz(s) = z(s)cii, we 
deduce that 



(6.16) 



fdjif- / f(z(si) 1 x)d\ L (x) 



< e, 
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for all large %. Since is 2i(si)-invariant, the second integral is same as J f cIXl- Now 
partitioning I into finitely many J's with | J| < 5, we deduce 



(6.17) 



fdfr- / fdX 



<e, 



for all large i. Thus ^ — 5 Xl- □ 

Proof of Theorem ! 1.8L The above proof applies to this case also. Here we are given 
that Xi — > xo is a convergent sequence and there is no proper closed subgroup H of G 
containing p(Q mi +i) such that Hx is closed and admits a finite if -invariant measure. 
Therefore there is no need to replace H by L as in the above proof. □ 

The proof of Theorem 11.91 can be obtained by combining the ideas of the proof of 
Theorem 16. 3[ Proposition 14.21 and the general strategy of the proof of [6, Theorem 3]. 
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